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A positive, symmetric, and measurable function K(x, y) in the plane gives 
rise to a symmetric integral operator in the Hilbert space L2 defined by the 
equation 
w4 = j’” K(x, YMY) 4. (1) -co 
The linear transformation K has a dense domain, and a convenient criterion 
due to Carleman and Holmgren [l] insures the boundedness of this operator. 
THEOREM. If there exists a number M and a positive function p(x) (not 
necessarily in L2) for which 
I +- K(x, Y)P(Y) dy G MP(x) 
almost everywhere (2) 
--co 
then K is bounded and 11 K jj < M. 
The proof is simple: for u in the domain of K we have 
IW, 41 < j” j+%x,~)l W I u(r)1 dx 4 
--m -cc 
+m =s s --m ;I =I I 44 ~(~11 u(Y>IPW dx dy. 
All of the functions being nonnegative and measurable, we may interchange 
the order of integration at will, and since the kernel is symmetric and 
21 44 P(Y) I4Y)l P(X) d I @)I”P(Y)” + I “(Y)12PW2 
we have 
IV% 41 G j-, j-, +=$+(y)l u(x)]” dy dx < M j+= 1 u(x)l” dx --m 
= M(u, u), 
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It follows easily that K is a bounded transformation with bound at most M 
which is given by (1) for all u in L2. 
It is interesting to observe that the Carleman condition is also necessary; 
if the integral operator given by the positive and symmetric kernel K(x, y) is 
bounded, then there exists a positive p(x) in L2 for which (2) holds with M 
as close to 11 K Ij as desired. This result has been proved in a more general 
context in a forthcoming publication of E. Gagliardo; our simple argument 
will apply only to the Hilbert space case. 
If the bounded K has the property that the number h = j/ KJl is an 
eigenvalue of the operator, then the familiar argument of the Jentzsch 
theorem shows that the corresponding eigenfunction is positive: we have 
Kf = Af and X = sup [(Ku, u)/(u, u)], t e h supremum being attained for 
u =f. If f is not positive, the passage from f to the function g = If(x)1 
increases the value of the ratio, whencef(x) > 0. Taking this positive function 
as the function p(x) and M = X we obtain (2). 
In general, ji K/I will not be an eigenvalue of K; however, if f(x) is any 
strictly positive normalized function in L2 and P the orthogonal projection 
on f, then P is an integral operator with the positive kernel f(x)f(y). For 
sufficiently large scalars t the operator K + tP will have a bound 
M = (1 K + tP jl which is greater than Ij K 11. It is well-known in perturbation 
theory that M will even occur as an eigenvalue of K + tP; we prefer to 
prove it directly by remarking that if we let R, denote the resolvent of K and 
if we define an operator valued function S, on the resolvent set of K by the 
formula 
then it is immediate to verify that (K + tP - z1)S, = 1, and therefore that 
S, is the resolvent of K + tP. We see that S, is regular on the real axis to 
the right of the number (1 K 11 except at the zeros of the analytic function 
1 + t(Rzf,f). Since this function is monotone, there is in fact at most one 
such zero, necessarily at the number M, an isolated point of the spectrum 
of K + tP, and hence an eigenvalue of that operator. Thus, if p(x) is the 
corresponding eigenfunction we have 
and p(x) is positive by the Jentzsch theorem. Thus (2) follows, and since t 
may be so chosen that j( K 11 < M < I/ K/l + E for small E, the constant in (2) 
can be as close to /I K II as desired. 
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It is clear that the Carleman theorem, and our comment, are valid for 
integral operators defined by positive kernels on any L2-space, and not 
just L2 on the real axis. 
1. T. CARLEMAN, “Sur les l?quations IntCgrales Singulikres g Noyau Reel et 
SymCtrique.” Upsala, 1923. 
